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Abstract
In this paper we propose and analyze a feasible scheme where the detection of a single scattered
photon from two trapped atoms or ions performs a conditional unitary operation on two qubits.
As examples we consider the preparation of all four Bell states, the reverse operation that is a Bell
measurement, and a CNOT gate. We study the effect of atomic motion and multiple scattering,
by evaluating Bell inequalities violations, and by calculating the CNOT gate fidelity.
PACS numbers: 03.67.Lx, 32.80.Pj, 32.80.Rm, 34.60.+z
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I. INTRODUCTION
Implementing a quantum controlled-not (CNOT) gate is a key step in present attempts
towards quantum computation [1, 2]. Many different schemes for CNOT gates have been
proposed [3, 4, 5, 6, 7], and most of them require a strong quantum interaction between
the particles that are used to carry the logical qubits. In practice, the quantum interaction
is very often perturbed by classical noises, such as the individual motion of neutral atoms
in a laser-induced potential well [8], or the collective motion of ions in a Paul trap [9].
Though order-of-magnitude estimations show that most of the CNOT gate schemes may be
realized in principle, detailed analysis discovers many difficulties in eliminating all sources
of classical noise for given experimental conditions. For instance, the perturbations due
to thermal photons, photo-ionization, spontaneous emission..., make that the conditions
for a fast CNOT gate operation through transient excitation to Rydberg states are only
marginally satisfied [8]. If one looks at cavity-induced atom-atom coupling (“cavity-assisted
collisions” [10]) in the optical domain, our estimations show that most schemes for cavity-
enhanced coupling between the particles reliably works when g2/(κγ) > 103, where g is
a cavity mode-atom coupling constant, and κ and γ are respectively the cavity and the
spontaneous emission damping rates. Though it is possible in principle to reach high value
of g2/(κγ) [11], putting together very small high finesse cavities and reliable traps is far from
straightforward. These considerations encourages us to look for “non-traditional” CNOT
gate schemes, which do not require a direct interaction between particles, but rather use
an interference effect and a measurement-induced state projection to create the desired
operation [12]. It was proposed in [13, 14] to create an entangled state of two atoms simply
from the detection of a photon, spontaneously emitted by one of the atoms in such a way
that the emitting atom can’t be recognized. In such a scheme there is no direct interaction
between atoms, and in principle the atoms can even be located very far from each other.
In this paper we propose to extend the ideas of [13], [14], to realize a full quantum
CNOT gate, or a Bell-state measurement, or more generally to implement conditional uni-
tary operations. Our scheme will be based on an experimental setup using two atoms in
two neighboring microscopic dipole traps [8, 15], but it can be readily applied to other
systems. In Section 1 we will describe how to realize a conditional unitary transformation
that maps the four factorized states of two qubits onto the four maximally entangled Bell’s
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states. Since a convenient experimental signature of entanglement is the violation of Bell’s
inequalities (BI) [16], we will evaluate the result of a test of BI on the “transformed” pair
of qubits, taking into account imperfections due to the motion of atoms (Section 2) and
to the spontaneous emission of two photons by two atoms (Section 3). BI measurements
are studied quantitatively in Section 4. In Section 5 we describe a CNOT gate based on
the Bell’s states created by the procedure of Section 1, and we calculate the fidelity of this
gate, taking into account the motion of the atoms in the traps and the possible spontaneous
emission of two photons. Finally we discuss these results and suggest developments of the
proposed scheme.
II. PREPARING FOUR ORTHOGONAL BELL’S STATES
We consider two atoms i = 1, 2, trapped in two separate dipole traps, and prepared in
one of two states |e〉i or |g〉i of the ground state hyperfine structure. We represent four
initial states of the two-atom system as a vector-column
{|αβ〉} = {|gg〉 , |ge〉 , |eg〉 , |ee〉}, α, β = e, g. (1)
Each atom can be excited to one of upper states |e′〉i or |g′〉i by resonant σ polarized laser
fields of Rabi frequencies Ωgi, Ωei, as shown in Fig.1. The fields are weak, so that the
probability to excite both atoms is much smaller than the probability to excite only one
atom. An excited atom may emit spontaneously a photon, with the wave vector k and
certain polarization, on pi-polarized |g′〉i → |g〉i or |e′〉i → |e〉i transitions. Occasionally a
photon passes through the optical system shown in Fig.2 and it is registered by the photo-
detector. We assume that the polarizer P transmits only pi-polarized photons, and thus
σ polarized photons emitted on the |e′〉i → |g〉i and |g′〉i → |e〉i transitions will not be
registered.
After the excitation, the wave function of two atoms is changed from |αβ〉 to |Ψα〉1 |Ψβ〉2
|Ψe〉i = |e〉i + b |g′〉i ei(keδri+ϕei), |Ψg〉i = |g〉i + b |e′〉i e(kgδri+ϕgi), ϕαi = kαri + ϕ0αi, (2)
where δri describes fluctuations in the position of atom i near the equilibrium due to the
motion of the atom in the trap, ri is the atom position at equilibrium, ke,g are the wave
vectors of the laser field resonant to either e→ g′ or g → e′ transitions, ϕ0αi is the phase of
the laser field Ωαi, b≪ 1 is a real constant.
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FIG. 1: Scheme of the relevant atom transitions
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FIG. 2: Proposed scheme for conditional quantum logic. Atoms 1, 2 are placed in a focal plane
of the input lens L of the optical system. The atom pair is excited by the laser field with the wave
vector kL, circularly polarized in the yz-plane, and emits a photon with the wave vector k on the
x-polarized transition. The polarizer P selects x-polarized photons, that are transmitted through
an interferometer I towards a photo-detector. A mirror m of the interferometer is tilted, so that
the images 1’, 2’ of the two atoms coincide on the photo-detector. The unit vector in the direction
of a pi-polarized atomic dipole is denoted as d, and θ0 is the aperture angle of the lens L.
The registration of a photon means that the wave function |Ψα〉 |Ψβ〉 is projected to a Bell
state |Bαβ〉 = |k〉 Bˆ |αβ〉 where |k〉 is the state of the field with one spontaneously emitted
photon. For example, |Ψg〉 |Ψg〉 is projected to
|k〉 Bˆ |gg〉 = |k〉 |Bgg〉 , |Bgg〉 = (1/
√
2)
{
|ge〉 ei[qgδr2+kl2(k)+ϕg2] + |eg〉 ei[qgδr1+kl1(k)+ϕg1]
}
,
(3)
where qα = kα − k, k = |k| and li(k) is the optical length which a photon travels through
the optical system towards the photo-detector. The optical system is set in such a way,
that images 1’, 2’ of atoms 1 and 2 perfectly coincide on the photo-detector. This means
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that li(k) is the same for all registered photons, and therefore kli(k) = kli. Introducing the
vector-column {|Bαβ〉} = {|Bgg〉 , |Bge〉 , |Beg〉 , |Bee〉} of the Bell states we can express them
in terms of the initial states (1) as {|Bαβ〉} = [B]′{|αβ〉}, where
[B]′ =
1√
2


0 ei(qgδr2+ϕg2+kl2) ei(qgδr1+ϕg1+kl1) 0
ei(qeδr2+ϕe2+kl2) 0 0 ei(qgδr1+ϕg1+kl1)
ei(qeδr1+ϕe1+kl1) 0 0 ei(qgδr2+ϕg2+kl2)
0 ei(qeδr1+ϕe1+kl1) ei(qeδr2+ϕe2+kl2) 0


, (4)
is a matrix of Bell operator Bˆ.
In general, the wave function |Bgg〉 (|Bge〉) is not orthogonal to |Bee〉 (|Beg〉). In order to
make sure that all Bell’s states are orthogonal one has to satisfy two conditions
0 = 〈Bee|Bgg〉 = Wge ei(ϕg1−ϕe2+kl1−kl2) +W ∗eg ei(ϕg2−ϕe1+kl2−kl1) (5)
0 = 〈Beg|Bge〉 = Wgg ei(ϕg1−ϕg2+kl1−kl2) +W ∗ee ei(ϕe2−ϕe1+kl2−kl1), (6)
where Wαβ = e
i(qαδr1−qβδr2). If the atoms are very cold in a steep trap, so that they are
deeply in the Lamb-Dicke regime, one should take Wαβ = 1 in Eqs.(5) and (6). But we point
out that the resulting conditions are actually independent of the atoms motion. Indeed,
〈Wαβ〉 =
〈
W ∗αβ
〉
= VαVβ ≡ 1−D(T ), Vα =
〈
−∞∑
n=0
(−1)n
(2n)!
〈
(qαδr)
2n
〉
T
〉
qα
(7)
where 〈...〉T and 〈...〉qα means, respectively, the average over the atom motion and over
directions of registered photons. We average separately over symmetrical and statistically
independent motion of each atom, drop index i in δri, and introduce parameter D(T ),
0 ≤ D(T ) < 1, where T is the temperature associated with the random motion of the
atoms. One can see that 〈Wαβ〉 and
〈
W ∗αβ
〉
disappear from orthogonality conditions (5),
(6), which are reduced to a single condition
ϕ0g2 − ϕ0g1 + ϕ0e2 − ϕ0e1 + (ke + kg)(r2 − r1) + 2k(l2 − l1) = pi (8)
In our geometry we have ϕ0α1 = ϕ
0
α2, and thus this condition becomes
(ke + kg)(r2 − r1) + 2k(l2 − l1) = pi. (9)
There are various ways to fulfill this condition. If one chooses ke = −kg, i.e., the σ+ and σ−
lasers are propagating in opposite directions, the condition for orthogonality of the Bell’s
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states is obtained by adjusting the interferometer path difference so that k(l2 − l1) = pi/2.
But it is also possible to take ke = kg = kL, together with kL(r2 − r1) = pi/2, obtained by
adjusting the trap’s positions. Assuming then that kl2 = kl1 = 2npi for simplicity, taking
(here and everywhere below) the origin of the coordinate system on the atom 1 and defining
q = kL − k, the Bell operator matrix can be written:
[B]′ =
1√
2


0 ieiqδr2 eiqδr1 0
ieiqδr2 0 0 eiqδr1
eiqδr1 0 0 ieiqδr2
0 eiqδr1 ieiqδr2 0


,
which converts four initial atom states to four Bell states, which are orthogonal in average
over the atommotion. Though the condition for the orthogonality in average depends only on
the atoms equilibrium positions, the final fidelity of the conditional unitary transformation
will obviously depend on the atoms motion, due to the δr1 and δr2 in the [B]
′ matrix.
In order to simplify the local operations used in the rest of the paper, it is convenient
to perform two phase transformations for atom 2, that make the change |e〉2 → −i |e〉2 just
before the photon observation and |e〉2 → i |e〉2 right after it. Taking into account such
transfornations as diag{1,−i, 1 − i}[B]′diag{1, i, 1, i} ≡ [B], where diag means diagonal
matrix, we find
[B] =
1√
2


0 −eiqδr2 eiqδr1 0
eiqδr2 0 0 eiqδr1
eiqδr1 0 0 −eiqδr2
0 eiqδr1 eiqδr2 0


, (10)
which has real elements in the absence of atom motion δri = 0. In a geometry where the
phases ϕ0αi can be independantly controlled, one can obtain the matrix (10) more straight-
forwardly, for example by choosing in Eq.(8) kl2 = kl1 = 2npi, ke = kg = kL, r1 = 0,
and
ϕ0g1 = ϕ
0
e1 = 0 ϕ
0
e2 = −kLr2, ϕ0g2 = pi − kLr2. (11)
Below we refer to [B] as a Bell operator matrix supposing either that condition (9) is true and
the Bell operation is the photon observation procedure with the two phase transformations
for atom 2, or that there is only the photon observation, but conditions (11) are satisfied.
In order to get a physical understanding about the quality of the Bell states preparation,
we will now look in detail whether the prepared states can violate Bell’s inequalities. In
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these calculations we will use the expression (10) corresponding to ke = kg = kL, but
similar results could be easily obtained by in the case where ke = −kg (the fully phase-
matched situation where the atoms’ positions would cancel out is not accessible with our
experimental geometry).
III. BELL’S INEQUALITIES
When the atoms are prepared in a Bell state, the statistical behavior of measurable
quantities (such as the population of state |α〉i) is governed by the entangled wave-function
|Bαβ〉. Here BI will be used as a simple experimental characterization of the degree of
entanglement of the atom pair. As we will see below, either atoms motion or simultaneous
excitation of the two atoms may reduce or even suppress the BI violation.
In order to test BI we carry out the following sequence of operations
1. The atoms are prepared in one of states (1);
2. Atoms are excited by a weak laser pulses under the conditions of Eq.(9);
3. One spontaneously emitted photon is registered. If there is no photon after some
delay, the stages 1, 2 are repeated until one photon is registered;
4. Raman transitions for each atom are carried out so that
|g〉i → cos (θi) |g〉i − sin (θi) |e〉i |e〉i → cos (θi) |e〉i + sin (θi) |g〉i ; (12)
5. Populations of |α〉i states are measured;
6. Operations 1 – 5 have to be repeated until a full statistical ensemble of results for the
population of |α〉i states is obtained;
7. The steps 1 – 6 are repeated for four different Raman transitions with four pairs of
angles {θ1, θ2}, {θ′1, θ′2}, {θ′1, θ2}, and {θ1, θ′2}.
After the operations 1 – 6 are carried out, the state of atoms and a photon is |k〉 RˆBˆ |αβ〉,
where the operator Rˆ describes Raman transitions (12) for two atoms. The matrix [RB]
of RˆBˆ operator is the matrix product [B][R(θi)] where the matrix [R(θi)] for the Raman
transitions is given by Eq.(44) of Appendix 2, and [B] is given by Eq.(10). Here and below
we denote the dependence on θ1 and θ2 as a dependence on θi, when it does not lead to
confusions.
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Let us call P
(γδ)
αβ (θi) the probability to find atoms in state |γδ〉, while the initial atom
state is |αβ〉. By taking the modulus square of each matrix element in [RB] one can find
P (gg)gg (θi) = P
(ge)
ge (θi) = P
(eg)
ge (θi) = P
(ee)
gg (θi) = 0.5
[
sin2 (θ1 − θ2) + 0.5Q(T, θi)
]
P (gg)ge (θi) = P
(ge)
gg (θi) = P
(eg)
gg (θi) = P
(ee)
ge (θi) = 0.5
[
cos2 (θ1 − θ2)− 0.5Q(T, θi)
]
,
P (gg)eg (θi) = P
(ge)
ee (θi) = P
(eg)
ee (θi) = P
(ee)
eg (θi) = 0.5
[
cos2 (θ1 + θ2) + 0.5Q(T, θi)
]
(13)
P (gg)ee (θi) = P
(ge)
eg (θi) = P
(eg)
eg (θi) = P
(ee)
ee (θi) = 0.5
[
sin2 (θ1 + θ2)− 0.5Q(T, θi)
]
,
where Q(T, θi) = D(T ) sin (2θ1) sin (2θ2) and D(T ) is given by Eq.(7). One has D(T ) = 0
in the absence of atoms motion, in this case the maximum violation of Bell’s inequalities is
obtained. In the opposite (high temperature) situation, where D(T )→ 1, one obtains from
Eqs.(13)
P (gg)gg (θi)→ 0.5
[
sin2 (θ1) cos
2 (θ2) + sin
2 (θ2) cos
2 (θ1)
]
, (14)
and similar expressions for the other probabilities. This corresponds to a “classical” limit
where BI cannot be violated. Thus D(T ) is a “decoherence parameter” which grows up with
the temperature from D(0) = 0 to maxD = 1.
For each atom i = 1, 2 we define a random variable ξi, with values +1 or −1 depending
on whether an atom is found, respectively, in |g〉i or |e〉i state after registering a photon and
carrying out the Raman transition. With the help of Eqs.(13) one can find 〈ξ1〉 = 〈ξ2〉 = 0,
〈ξ21〉 = 〈ξ22〉 = 1, where the average is made over the results of a sequence of operations 1 -
6. The correlation functions are given by:
Eαβ(θi) ≡ 〈ξ1ξ2〉 − 〈ξ1〉 〈ξ2〉√〈ξ21〉 〈ξ22〉 = 〈ξ1ξ2〉 = 2[P
(ee)
αβ (θi)− P (eg)αβ (θi)],
so that
Ege(θi) = −Egg(θi) = cos [2(θ1 − θ2)]−Q(T, θi)
Eeg(θi) = −Eee(θi) = cos [2(θ1 + θ2)] +Q(T, θi). (15)
As usual we define the quantity
Sαβ(θi, θ
′
i) = Eαβ(θi)−Eαβ(θ1θ′2) + Eαβ(θ′1θ2) + Eαβ(θ′i) (16)
for each initial state |α, β〉, then the Bell’s inequalities read [17]
− 2 ≤ Sαβ(θi, θ′i) ≤ 2. (17)
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The results (13) – (16) are similar to ones obtained for the BI test with polarization-entangled
photon pairs [18], the difference is that here the decoherence is taken into account by means
of D(T ). In the next Section we look for the violation of inequalities (17) for each initial
state of the two-atom system.
IV. EFFECT OF ATOM MOTION ON BELL’S INEQUALITIES TEST
In order to predict accurately the value of Sαβ(θi, θ
′
i) we have to calculate the factorD(T ),
which depends on the trapping potential and the aperture angle θ0 of the input lens of the
optical system. In general, the trapping potential is an-harmonic, non-symmetric and θ0 is
not small. All of these complicates the precise calculation of D(T ), which will be carried out
elsewhere. Here we will consider a simple order-of-magnitude estimation, using an harmonic
approximation for the trapping potential. The procedure carried out in Appendix 1 (see
also [19]) leads to
D(T ) ≈ 1− e−T/Tcr , kBTcr =
h2ν2eff
2ER
, (18)
where Tcr is a critical temperature such that D(T > Tcr) ≈ 1, νeff is an effective frequency
of atom motion in the trap. For the aperture angle θ0 = pi/4, as it is in our case, ν
−2
eff ≈
1.25ν−2⊥ + 0.75ν
−2
|| , where ν⊥ and ν|| are the frequencies of the motion of atoms in x, y
and in z directions, respectively; ER = h¯
2k2/(2mat) ≡ hνR is the recoil energy, and kB is
Boltzmann constant. Using νR = 3.6kHz for Rb
87 atoms and our estimations ν⊥ = 200 kHz
and ν|| = 50 kHz we obtain νeff = 55 kHz and Tcr ≈ 20 µK. In general, νeff and Tcr depend
on θ0 and the direction of the laser field. The maximum Tcr is reached when k is parallel
to kL for the most of the emitted photons. For the geometrical arrangement displayed in
Fig.2, the variation of Tcr as a function of θ0 is given by Eqs.(42) of Appendix 1, and it is
displayed in Fig.3.
Let us choose parameters of Raman transitions
θ1 = 0, θ2 = x, θ
′
1 = 2x, θ
′
2 = 3x, (19)
and T/Tcr = 0.5, for such case factors Sge(x) = −See(x) and Seg(x) = −Sgg(x) are shown
in Fig.4a. One can observe the violation of BI |Sαβ(x)| > 2 for Sge(x) and See(x), while
BI are satisfied for Seg(x) and Sgg(x). This situation can be inverted by choosing θ1 = 0,
θ2 = −x, θ′1 = 2x, and θ′2 = −3x, so that BI will be violated for Seg(x) and Sgg(x) but
9
10
15
20
25
30
35
40
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T
cr
µK
θ 0 / pi
FIG. 3: Critical temperature as a function of the aperture angle of the optical system.
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FIG. 4: (a): Sge(x) = −See(x) (solid line) and Seg(x) = −Sgg(x) (dashed line) at T/Tcr = 0.5
and angles θ1, θ2, θ
′
1, θ
′
2 given by Eq.(19). Bell’s inequalities are violated for Sge(x) = −See(x).
(b) The maxima of |Sαβ| for different T/Tcr. Dotted lines in Fig.4a mark |S| = 2 and |S| = 2
√
2.
satisfied for Sge(x) and See(x). Therefore all four states do violate BI, but the combination
of angles to be used depend on the state in the pairwise fashion just described. Fig.4b shows
the maxima of |Sαβ| versus the normalized temperature of the atom motion found for θ1,2,
θ′1,2 given by Eqs.(19). The condition to violate BI for all four states (for suitable choices of
Raman angles) is therefore that T < Tcr.
V. EFFECT OF MULTIPLE SCATTERING ON BELL’S INEQUALITIES TEST.
Now we take into account the excitation of two atoms together and examine how it
influences the BI violation. Let us first consider the case of only three levels in each atom
shown in Fig.5. We examine a possibility that a photon emitted by one atom is registered,
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FIG. 5: The event when two atoms are excited together, both of them came to the |e〉 state, but
one emitted photon is missed.
while another atom also emits a photon on |e′〉 → |e〉 transition, but this photon is missed.
After the excitation to |e′〉i state the wave function of atom i = 1, 2 is given by Eqs.(2)
|Ψg〉1 = a |g〉1 + b |e′〉1 eikLδr1 , |Ψg〉2 = a |g〉2 − b |e′〉2 eikLδr2 ,
where we suppose that conditions (11) are satisfied. If the photon k is emitted by one atom
and registered, while another photon k′ is emitted by the other atom and missed, then the
atoms go from |e′e′〉 to |ee〉 state and we have:
eikL(δr1+δr2) |e′e′〉 → eikL(δr1+δr2)
(
e−ikδr1 |ee′〉+ e−ikδr2 |e′e〉
)
|k〉 → f |ee〉 |kk′〉 ,
f = ei(qδr1+q
′δr2+ϕ′2) + ei(qδr2+q
′δr1+ϕ′1), (20)
where q′ = kL − k′, ϕ′i is the phase of a missed photon emitted by atom i = 1, 2 and we
suppose, as usual, kl1 = kl2 = 2pin. It may also happen that one atom emits the missed
photon first, and then the registered photon comes from another atom. In that case, one
has to change the field state |k,k′〉 in Eq.(20) to |k′,k〉. After registering a photon and
performing the phase transformation |e〉2 → i |e〉2, the state |gg〉 is projected to the state
1√
N
[(
eiqδr1 |eg〉 − eiqδr2 |ge〉
)
|k〉+ (ξ)1/2f |ee〉 (|k′,k〉+ |k,k′〉)
]
, (21)
where ξ = (b/a)2. Taking into account that the field state |k′,k〉 is orthogonal to |k,k′〉,
and calculating 〈|f |2〉T = 2, one obtains the normalizing factor N = 2[1 + 2ξ].
After carrying out the Raman transitions, the atom states in the right part of Eq.(21)
are changed in accordance with the transformation (12). Following the procedure of Section
11
III we find
Egg(θi) = −[1−D(T )] sin 2θ1 sin 2θ2 − cos 2θ1 cos 2θ2
1 + 2ξ
. (22)
Fig.6 shows Sgg(x) calculated with the help of Eqs.(16),(22) for T/Tcr = 0.5, θ1, θ2, θ
′
1 and
θ′2 given by Eqs.(19) and various ξ. If the state |e′〉i is excited by a weak “square” pulse, so
that Ωgi is constant during the excitation time and zero otherwise, then ξ = |Ωgi|2/δ2 ≪ 1,
where δ is the detuning from the resonance on |g〉i → |e′〉i transition. According with Fig.6,
BI are still violated for |Ωgi|2/δ2 ≤ 0.15.
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0 0.2 0.4 0.6 0.8 1x/pi
4
S 1
2 3
FIG. 6: Factor Sgg(x) for Raman transition parameters given by Eq.(19), T/Tcr = 0.5 and ξ = 0
(curve 1), ξ = 0.05 (2), ξ = 0.15 (3) and ξ = 1 (4). BI violation is possible for ξ < 0.15.
It is convenient to write the final two-atom state, taking into account simultaneous exci-
tation of two atoms for each initial state |αβ〉, under the following matrix form:
√
2/N
(
|k〉 Bˆ + |k,k′〉 Bˆ(2)
)
|αβ〉 , (23)
where the matrix [B] of the operator Bˆ is given by Eq.(10), the matrix of the operator Bˆ(2)
is
[B(2)] =
√
2ξ


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0


, (24)
and the state |k,k′〉 is orthogonal to |k〉 and normalized to 1.
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VI. BELL’S STATE MEASUREMENT
In the previous section we have shown that four orthogonal Bell’s states can be prepared
from four initial factorized states, under the condition of detecting a single photon. The
reverse process, usually known as a Bell measurement, is actually also realized using the same
scheme. Here we will evaluate the efficiency of a whole sequence, including the preparation
followed by the measurement - two successive clicks will be therefore required.
By carrying out the steps 1 – 3 of the procedure described in Section III we prepare a
Bell state |Bαβ〉 of two atoms. Then |Bαβ〉 can be projected to the pure state |αβ〉 of two
atoms, or “measured”, by proceeding the steps 1 – 3 with the phases of the laser fields
ϕ0e2 = pi − kL∆r, ϕ0g1 = ϕ0e1 = 0, ϕ0g2 = −kL∆r.
Taking into account the multiple scattering, one arrives to the final state of two atoms and
spontaneously emitted photons after the Bell’s state preparation from |αβ〉 state followed
by the Bell’s state measurement
√
1/N˜
(∣∣∣k˜〉 ˆ˜B + ∣∣∣k˜, k˜′〉 Bˆ(2)) (|k〉 Bˆ + |k,k′〉 Bˆ(2)) |αβ〉 , (25)
where N˜ is normalizing factor. A matrix [B˜] of an operator ˆ˜B is [B]−1 with δri replaced by
δr˜i, operator Bˆ
(2) is the same for the Bell’s state preparation and the measurement. Because
of the preparation and the measurement of a Bell’s state are separated in time, all field states
in Eq.(25) are orthogonal to each other and the average over the atom motion 〈δriδr˜j〉 = 0,
i, j = 1, 2, since the atom motions on different time intervals are not correlated.
The Bell’s state measurement is not perfect due to the atom motion and the multiple
scattering, so that the state (25) is, in general, a linear combination of four states (1). If a
fidelity of the Bell’s state measurement is high, the probability to find atoms in |αβ〉 initial
state after the measurement approaches 1, while the probabilities to find any other atom
states tends to 0. A matrix for the transformation of the vector-column of states (1) after
the Bell’s state preparation and the measurement is
√
1/N˜
(
[B][B˜] + [B(2)][B˜] + [B][B(2)] + [B(2)]2
)
. (26)
Taking the square modulus of each element in the matrix (26) and calculating N˜ = [1+2ξ]2
one converts matrix (26) to a matrix of probabilities to find atoms in |γδ〉 final state starting
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with |αβ〉 initial state
1
(1 + 2ξ)2


1− f1 + 4ξ2 2ξ 2ξ f1
2ξ 1− f1 + 4ξ2 f1 2ξ
2ξ f1 1− f1 + 4ξ2 2ξ
f1 2ξ 2ξ 1− f1 + 4ξ2


, (27)
f1(T ) = D(T )−D2(T )/2.
In the case of perfect Bell’s state preparation and the measurement the matrix (27) has
diagonal elements equal to 1 and other elements equal to 0. Thus, we can take the diagonal
element of the matrix (27) as the fidelity FB(ξ, T ) of Bell’s state measurement
FB(ξ, T ) = 1− 4ξ
2 +D(T )−D2(T )/2
(1 + 2ξ)2
(28)
Fidelity FB is shown in Fig.7a as a function of T/Tcr for various ξ, it is shown in Fig.7b
as a function of ξ for various T/Tcr. Small increase in FB for large ξ ≈ 1 is because of the
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FIG. 7: (a) Fidelity factor FB for Bell’s state measurement as a function of T/Tcr for ξ = 0 (curve
1), ξ = 0.05 (2), ξ = 0.15 (3) and ξ = 1 (4); (b) F as a function of ξ at T/Tcr = 0 (curve 1),
T/Tcr = 0.2 (2), T/Tcr = 0.5 (3), T/Tcr = 1 (4).
contribution of processes |αα〉 → |ββ〉 → |αα〉, α 6= β grows up with ξ due to the multiple
photon scattering. However this is not so important for practical cases, where ξ ≪ 1.
VII. QUANTUM CNOT GATE.
We have shown so far that conditional Bell states preparation and measurement can
be successfully achieved. Our result is actually more general than that, and shows that
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arbitrary “conditional” unitary transformations on two qubits can be achieved by using
Raman rotations (applied locally to each atom) and the detection of a single click. In order
to demonstrate this we will now show that the four Bell’s states preparation |Bαβ〉 = Bˆ |αβ〉
can be turned into a“controlled-not” (CNOT) operation Cˆ, described by the matrix
[C] =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


. (29)
We prove that in our case Cˆ = Hˆ2BˆHˆ1, where Hˆ1,2 are some local (single-atom) operations
and the matrix of Bell operation Bˆ is given by Eq.(10). The CNOT operation can thus be
realized by the following procedure:
1. One of initial states (1) of atoms is prepared;
2. The local operation Hˆ1 is carried out;
3. Atoms are excited and a spontaneously emitted photon is registered. If there is no
photons registered for a time t0 ≫ Γ−1 operations 1 - 3 has to be repeated;
4. The local operation Hˆ2 is carried out.
Let us suppose, for a while, that atoms do not move, so that the Bell operator is Bˆ0, which
matrix [B0] is given by Eq.(10) with δri = 0. By definition [C] = [H1][B0][H2], where [H1,2]
are the matrices of local operations Hˆ1,2, and therefore
[H1] = [C][H2]
−1[B0]
−1. (30)
Taking the matrix [H2]
−1 as a general local transformation for two-level atom, inserting it
in Eq.(30) with the requirement that the matrix product on the right of Eq.(30) should be
a local transformation, we obtain
[H1] =
1
2


i i −i −i
−1 1 1 −1
i i i i
−1 1 −1 1


, [H2] =
1√
2


0 −1 0 −i
i 0 1 0
0 −1 0 −i
−i 0 1 0


. (31)
Details of the procedure of determining of [H1,2] are given in Appendix 2. As it can be seen
from Eqs. (51), (52) of Appendix 2, operation Hˆ1 is the phase transformation |g〉2 → i |g〉2,
after which the Raman transition (12) with θ1 = pi/4, θ2 = −pi/4 is carried out. Operation
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Hˆ2 starts with the Raman transition (12) with θ1 = −pi/4, θ2 = −pi/2 after which one makes
the phase transformations |e〉1 → −i |e〉1, |g〉2 → −i |g〉2.
Now we take into account the atom motion, the simultaneous excitation of two atoms and
find a fidelity of CNOT operation. We suppose, that Hˆ1,2 transformations are much faster
than a period of the atom motion in the trap, in such case Hˆ1,2 does not depend at all on
the atom motion. Indeed, by carrying out a fast local operation with atom i, one can chose
the origin of the coordinate system in that atom, which means ri0 + δr0 ≡ 0. Thus, using
formula (10) with δri 6= 0 and Eq.(23) we obtain an operator Cˆ of a non-perfect CNOT
transformation
Cˆ =
√
2/N
(
|k〉 Cˆ(1) + |k,k′〉 Cˆ(2)
)
, (32)
where matrices of operators Cˆ(1,2) are
[C(1)] = [H1] · [B] · [H2], [C(2)] = [H1] · [B(2)] · [H2]. (33)
The matrices [H1,2] are given by Eqs.(31), and matrices [B], [B2] are given by Eqs.(10), (24),
respectively.
We can build now matrices [|C(1,2)|2], which elements are the square modulus of respective
elements of [C(1,2)], and calculate the matrix [Cp] of probabilities to find atoms in |γδ〉 state
after CNOT operation, while |αβ〉 was the initial atom state
[Cp] =
2
N
{
[|C(1)|2] + [|C(1)|2]
}
=
1
2


1 + F 1− F 0 0
1− F 1 + F 0 0
0 0 1− F 1 + F
0 0 1 + F 1− F


,
where
F =
1−D(T )
1 + 2ξ
, (34)
0 < F < 1 is the fidelity of CNOT operation (32). Factor F is shown in Fig.8a as a function
of T/Tcr for various ξ, it is shown in Fig.8b as a function of ξ for various T/Tcr.
VIII. DISCUSSION
An important problem in the experimental demonstration of the conditional quantum
CNOT gate operation is the suppression of the atom motion, which can be done by cooling
16
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FIG. 8: (a) Fidelity factor F for quantum CNOT gate as a function of T/Tcr for ξ = 0 (curve 1),
ξ = 0.05 (2), ξ = 0.1 (3) and ξ = 1 (4); (b) F as a function of ξ at T/Tcr = 0 (curve 1), T/Tcr = 0.2
(2), T/Tcr = 0.5 (3), T/Tcr = 1 (4).
atoms in the traps up to temperatures of few µK, or by increasing the atom oscillation
frequencies. The last can be done, for example, by using standing-wave trapping fields, that
separates a trapped potential into several narrow wells with oscillation frequencies much
higher than the present 50 kHz obtained for the longitudinal motion in a tightly focussed
beam. Multiple scattering gives rather small contribution, even for few percents of the atom
excitation. An important characteristics of the fidelity of the CNOT gate operation is the
decoherence parameter D(T). For a reliable theoretical determination of D(T), one needs to
know accurately the trapping potential. However, before doing experiments on BI violation,
D(T) can also be determined experimentally by looking at the interference fringes on the
light emitted by the two atoms, irradiated on a closed transition [19].
Neutral atoms in a dipole trap are not the only candidates for implementing our condi-
tional CNOT gate. In principle, the gate can be realized with other resonant objects such as,
for example, trapped ions, or quantum dot molecules (QDM) incorporated in a solid matrix
[20, 21]. Each QDM consists in two closely positioned quantum dots with the ground state
of each dot split into two or more close states. The advantages of QDM are their fixed
positions in the matrix, and the possiblity to prepare the initial states electronically. The
difficulty, however, is in providing the coherence during the gate operation, which is quickly
destroyed by the electron-phonon interaction.
The proposed simple scheme can be generalized straightforwardly to more complicated
schemes with many elementary gates, which may be called “integrated conditional quantum
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logic blocks”, or ICQLB. They can be constructed by the increase of the number of atoms
and (or) the number of ground states available in a single atom. There are pn initial states
of n atoms, if an identical photon can be emitted on transitions to p different ground states.
However, because of the photon observation process is not Hermitian, the maximum number
N(n, p) of obtained orthogonal Bell’s states is, in general, less than pn, though N(n, p)
increases with n and p. One can see, for example, that only 7 orthogonal Bell’s states are
possible for three atoms with the level scheme of Fig.1, for any choice of phases of laser
fields. Determination of N(n, p) is an important question for the theoretical modeling of
ICQLB.
Another theoretical problem is how to find local transformations, which convert N(n, p)×
N(n, p) matrix of the generalized Bell transformation, obtained by the photon observation
procedure, to the matrix of desirable logic transformation. The procedure of Appendix 2 can
be generalized, in principle, to higher-dimensional cases, however it seems too cumbersome,
and the development of a simpler procedure would be quite helpful. We underline that even
complicated ICQLB operates in the same five steps as the CNOT gate described above. The
step 1 is the preparation of initial N(n, p) states of atoms; 2 includes local transformations;
3 is the excitation of atoms by weak resonant fields, repeated may be several times until a
spontaneously emitted photon is registered; 4 is another the local transformation; 5 is the
determination of final populations of atomic states. Each step can be carried out simultane-
ously for all atoms together, so that the operation time of ICQLB is not much longer than
for the elementary CNOT gate. The increase in the operation time of complicated ICQLB
can happen however, because the probability for n atoms to emit more that one photon
increases with n, so that lower intensities of the exciting fields are required in order to avoid
multiple scattering.
As a conclusion, though we do not propose here a specific way to make the present scheme
scalable, it would be very interesting to study up to which point quantum computations may
be realized using conditional logical elements such as the ones described above.
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Appendix 1
We consider an atom in the trapping potential as a harmonic oscillator, with a deviation
from the equilibrium position given by δri = {δrx, δry, δrz}. Then
〈
eiqδri
〉
T
= e−〈(qδri)2〉T /2,
which is the consequence that the thermal fluctuations of the position of a harmonic oscillator
are described by the Gaussian distribution function, and therefore
1−D(T ) ≡
〈
eiq(δr1−δr2)
〉
=
〈
e−〈(qδr)2〉T
〉
q
. (35)
In the coordinate system shown in Fig.2 kx = k sin θ cosϕ, ky = k sin θ sinϕ, kz = k cos θ
and kLx ≈ k, kLy = kLz = 0, so that
〈
(qδr)2
〉
T
= k2
[
(1− sin θ cosϕ)2
〈
δr2x
〉
T
+ sin2 θ sin2 ϕ
〈
δr2y
〉
T
+ cos2 θ
〈
δr2z
〉
T
]
. (36)
For the one-dimensional quantum harmonic oscillator with the mass mat, which oscillates
along the axes ξ with the frequency ωξ, ξ = x, y, z in the thermal equilibrium
〈
δr2ξ
〉
T
=
h¯
2matωξ
coth
(
h¯ωξ
2kBT
)
≈ kBT
matω2ξ
, (37)
at h¯ωξ/(kBT )≪ 1. Taking ωx = ωy = 2piν⊥ and ωz = 2piν|| we obtain
〈
(qδr)2
〉
T
= k2
kBT
2pi2mat

(1 + sin2 θ − 2 sin θ cosϕ) 1
ν2⊥
+ cos2 θ
1
ν2||

 . (38)
The average
〈u(θ, ϕ)〉q =
∫ 2pi
0
dϕ
∫ θ0
0
sin θdθP(θ, ϕ)u(θ, ϕ), (39)
where u(θ, ϕ) is some function and
P(θ, ϕ) = C0(1− sin2 θ cos2 ϕ) (40)
is a probability that a photon, emitted to the solid angle of the optical system has a direction
k, C0 is the normalizing constant
1
C0
=
∫ 2pi
0
dϕ
∫ θ0
0
sin θdθ(1− sin2 θ cos2 ϕ) = 4pi
3
[
1− 1
4
(3 cos θ0 + cos
3 θ0)
]
. (41)
Eq.(40) is obtained from the relation
P(θ, ϕ) = C0
∑
λ=1,2
[d · eλ(k/k)]2 = C0[1− (d · k)2/k2],
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where eλ(k) is the unit wave vector along one of two possible polarizations λ = 1, 2 of a
photon and d is a unit wave vector along the direction of the dipole momentum of atom
transition directed along axes x as shown in Fig.2.
Thus, in order to find D(T ) one has to insert Eq.(38) into Eq.(35) and calculate 〈...〉q as
shown by Eq.(39). For a high input aperture of the optical system, that is our case, this
procedure can hardly lead to an analytical result. For the estimations we use an approxi-
mation 〈
e−〈(qδr)2〉T
〉
q
≈ e−〈〈(qδr)2〉T 〉q ,
which is as better, as D(T ) is smaller. Thus, we arrive to D(T ) = 1− e−T/Tcr(θ0) where
kBTcr(θ0) =
h2ν2eff (θ0)
2ER
,
1
ν2eff (θ0)
=
A||(θ0)
ν2||
+
A⊥(θ0)
ν2⊥
, (42)
A⊥(θ0) = 1+
4piC0(θ0)
5
(
1− 5 cos θ0 − cos
5 θ0
4
)
A||(θ0) =
8piC0(θ0)
15
(
1− 5 cos
3 θ0 + 3 cos
5 θ0
8
)
,
and C0(θ0) is determined by Eq.(41).
Appendix 2
General local transformations, which mixes the states |g〉i and |e〉i of the two-level atom
i = 1, 2, can be written in the form
|g〉i → (cieiφgi |g〉i − sieiφei |e〉i)eiξgi |e〉i → (cieiφei |e〉i + sieiφgi |g〉i)eiξei . (43)
They consist the phase transformation which changes the phase of the state |α〉i → eiξαi |α〉i,
the Raman transition given by Eq.(12) with ci ≡ cos (θi), si ≡ sin (θi) and another phase
transformation |α〉i → eiφαi |α〉i. For our purposes, however, it is enough to consider trans-
formations (43) (or reverse to them) with φαi = 0. The matrix of the local transformations
carried out with two atoms is, therefore
[L(θi, ξαi)] = [M(ξαi)][R(θi)] ≡ [M(ξαi)]


c1c2 −c1s2 −s1c2 s1s2
c1s2 c1c2 −s1s2 −s1c2
s1c2 −s1s2 c1c2 −c1s2
s1s2 s1c2 c1s2 c1c2


, (44)
where
[M(ξαi)] ≡ [M(ξg1, ξe1, ξg2, ξe2)] = diag{eiξgg , eiξge, eiξeg , eiξee}, ξαβ ≡ ξα1 + ξβ2, (45)
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is the diagonal matrix of the phase transformation and [R(θi)] ≡ [R(θ1, θ2)] is the matrix of
the Raman transformation (12).
Let us take [H2]
−1 = [L(θi, ξαi)], insert it into Eq.(30) and find
[H1] = [M1(ξαi)]


c1s2 − s1c2 c1c2 + s1s2 c1c2 − s1s2 −c1s2 − s1c2
−c1c2 − s1s2 c1s2 − s1c2 c1s2 + s1c2 c1c2 − s1s2
c1s2 − s1c2 s1s2 + c1c2 s1s2 − c1c2 s1c2 + c1s2
s1s2 + c1c2 s1c2 − c1s2 s1c2 + c1s2 c1c2 − s1s2


, (46)
where [M1(ξαi)] is a diagonal matrix obtained by interchanging two last elements of [M(ξαi)].
Our goal is to determine θi and ξαi, such that the matrix given by Eq.(46) can be repre-
sented as
[H1] = [L(θ˜i, ξ˜αi)] (47)
with some θ˜1,2, ξ˜αi. By comparing the matrices given by Eq.(44) and (46) we see, that
Eq.(47) can be true only if |ci| = |si|, that is when θi = ±pi/4, θi = ±3pi/4; or when ci = 0
or si = 0, while |cj| = |sj |, j 6= i. We chose c2 = 0, s2 = 1, that is for θ2 = pi/2 and c1 = s1
that is for θ1 = pi/4, so that
[H1] =


eiξgg eiξgg −eiξgg −eiξgg
−eiξge eiξge eiξge −eiξge
eiξee eiξee eiξee eiξee
eiξeg −eiξeg eiξeg −eiξeg


. (48)
We can see now, that the matrix [L(θ˜i, ξ˜αi)] is very similar to the matrix (48) if we take
θ˜1 = pi/4 and θ˜2 = −pi/4, so that
[L(pi/4,−pi/4, ξ˜αi)] =


eiξ˜gg eiξ˜gg −eiξ˜gg −eiξ˜gg
−eiξ˜ge eiξ˜ge eiξ˜ge −eiξ˜ge
eiξ˜eg eiξ˜eg eiξ˜eg eiξ˜eg
−eiξ˜ee eiξ˜ee −eiξ˜ee eiξ˜ee


(49)
with
ξ˜αβ ≡ ξ˜α1 + ξ˜β2. (50)
Apart of the notations for phases, the only difference between the matrices in Eqs.(49)
and Eqs.(48) is the opposite signs of the elements in the last raws. The simplest way to
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eliminate this difference by choosing ξ˜ee = pi is not permitted by relations (50). However,
by the examination of Eqs.(48) and (49) one can see that they are equivalent for ξeg = pi,
ξee = ξgg = pi/2, ξge = 0 and ξ˜eg = ξ˜gg = pi/2, ξ˜ge = ξ˜ee = 0. Such choice does not contradict
with Eqs.(45), (50), it corresponds to ξg1 = 0, ξg2 = pi/2, ξe1 = pi/2 , ξe2 = 0 and ξ˜g1 = 0
ξ˜g2 = pi/2, ξ˜e1 = ξ˜e2 = 0. Inserting such values of ξ˜αβ and θ˜1 = pi/4, θ˜2 = −pi/4 into Eqs.(49),
(47) we find
[H1] = [M(0, 0, pi/2, 0)][R(pi/4,−pi/4)]. (51)
Otherwise, the matrix [H2]
−1 is, by definition, given by Eqs.(44). Inserting there θ1 = pi/4,
θ2 = pi/2 and the values of ξαi given above we arrive to
[H2] = [R(−pi/4,−pi/2)][M(0,−pi/2,−pi/2, 0)]. (52)
where we take into account that [R(pi/4, pi/2)]−1 = [R(−pi/4,−pi/2)] and
[M(0, pi/2, pi/2, 0)]−1 = [M(0,−pi/2,−pi/2, 0)]. Matrices [H1,2] are given explicitly by
Eqs.(31). Obviously, that matrices given by Eqs.(51), (52) are not the only ones which
satisfy Eq.(30). However other possible local transformations will be similar to the ones
given by matrices (51), (52).
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